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Abstract 

We establish an isomorphism between the space of logarithmic intertwining opera- 
tors among suitable generalized modules for a vertex operator algebra and the space of 
homomorphisms between suitable modules for a generalization of Zhu's algebra given 
by Dong-Li-Mason. 

1 Introduction 

In the representation theory of reductive vertex operator algebras (vertex operator algebras 
for which a suitable category of weak modules is semisimple) and in the construction of 
rational conformal field theories, intertwining operators introduced in |FHL| are in fact the 
fundamental mathematical objects from which these theories are developed and constructed. 
In |FZ] . for a reductive vertex operator algebra V, Frenkel and Zhu identified the spaces of 
intertwining operators among irreducible ^-modules with suitable spaces constructed from 
(right, bi-, left) modules for Zhu's algebra A(V) associated to the irreducible ^/-modules. See 
JL] for a generalization and a proof of this result. This result is very useful for the calculation 
of fusion rules and for the construction of intertwining operators. 

To develop the representation theory of vertex operator algebras that are not reductive, 
it is necessary to consider certain generalized modules that are not completely reducible and 
the logarithmic intertwining operators among them. The theory of logarithmic intertwining 
operators corresponds to genus-zero logarithmic conformal field theories in physics. In fact, 
logarithmic structure in conformal field theory was first introduced by physicists to describe 
disorder phenomena [G] and logarithmic conformal field theories have been developed rapidly 
in recent years. See |HLZ1] for an introduction and for references to the study of logarith- 
mic intertwining operators, a logarithmic tensor category theory and their connection with 
various works of mathematicians and physicists on logarithmic conformal field theories. 

In this general setting, we can ask the following natural question: In the case that the 
generalized modules involved are not necessarily completely reducible, can we identify the 
spaces of logarithmic intertwining operators among suitable generalized modules with some 
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spaces constructed from modules for certain associative algebras associated to the vertex 
operator algebra? We answer this question in the present paper. Our answer needs the 
generalizations of Zhu's algebra given by Dong, Li and Mason in |DLMj . For a generalized 
module for the vertex operator algebra, we introduce a bimodule for such an associative 
algebra. This bimodule generalizes the bimodule for Zhu's algebra given in ll'Zj. Our main 
result establishes an isomorphism between the space of logarithmic intertwining operators 
among suitable generalized modules and the space of homomorphisms between suitable mod- 
ules for a generalization of Zhu's algebra given in |DLMj . See Theorem 16.61 for the precise 
statement of our main result. Our method follows the one used in |H1] and is different from 
the one used in jL]. 

Our result will be used in a forthcoming paper on generalized twisted modules associ- 
ated to a not-necessarily-finite-order isomorphism of a vertex operator algebra (see |H3] for 
the definition and examples of such generalized twisted modules). In fact, the results on 
generalized twisted modules in that forthcoming paper is the main motivation for the main 
theorem that we obtain in this paper. 

The present paper is organized as follows: In the next section, we recall basic notions 
and results on generalized modules for a vertex operator algebra. In Section 3, we recall 
the generalizations of Zhu's algebra by Dong, Li and Mason in [DLMJ. In Section 4, we 
introduce and study a bimodule structure for such an algebra on a quotient of a lower- 
bounded generalized module for a vertex operator algebra. In Section 5, we begin our study 
of the relation between logarithmic intertwining operators and homomorphisms between 
suitable modules for a generalization of Zhu's algebra. Our main result is stated and proved 
in Section 6. 

Acknowledgments The authors are grateful to Haisheng Li for discussions on some cal- 
culations in [ DLMj . This research is supported in part by NSF grant PHY-0901237. 

2 Generalized modules for a vertex operator algebra 

In this paper, we shall assume that the reader is familiar with the basic notions and results 
in the theory of vertex operator algebras. In particular, we assume that the reader is familiar 
with weak modules, N-gradable weak modules, contragredient modules and related results. 
Our terminology and conventions follow those in [FLM] . |FHL] and |H2j . We shall use Z, 
Z + , N, R and C to denote the (sets of) integers, positive integers, nonnegative integers, real 
numbers and complex numbers, respectively. For n 6 C, we use 9ft(n) and 9f(n) to denote 
the real and imaginary parts of n. 

In this section, we recall the notion of generalized module for a vertex operator algebra 
and related notions in |HLZ1] and also some related notions and basic properties in [H2J. 

We fix a vertex operator algebra V in this paper. (In fact, the results in the present 
paper are true for a grading- restricted Mobius vertex algebra (see [HLZlj ).) We first recall 
the definition of generalized V- module and related notions in [HLZlj (see also [M]): 
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Definition 2.1. A C-graded vector space W = U ngC W[ n ] equipped with a linear map 

Y W :V®W -> W{{x)) 

v<g>w i—)- Yw(v,x)w 

is called a generalized V -module if it satisfies all the axioms for ^-modules except that W 
does not have to satisfy the two grading-restriction conditions and that instead of requiring 
L(0)w = nw for w G W\ n ], we require that the following weaker version of the L(0)-grading 
property, still called the L(0)-grading property: For n G C, the homogeneous subspaces W\ n \ 
are the generalized eigenspaces of L(0) with eigenvalues n, that is, for n G C, w G VF[ n ], there 
exists K G Z + , depending on w, such that (L(0) — n) K w = 0. We define homomorphisms (or 
module maps) and isomorphisms (or equivalence) between generalized ^-modules, generalized 
V-submodules and quotient generalized V -modules in the obvious way. 

Definition 2.2. An irreducible generalized V -module is a generalized ^-module W such 
that there is no generalized \^-submodule of W that is neither nor W itself. A lower 
bounded generalized V -module is a generalized K-module W such that W[ n ] = when 9ft(n) 
is sufficiently negative. We say that lower-bounded generalized ^-module W has a lowest 
conformal weight, or for simplicity, W has a lowest weight if there exists n G C such that 
W[ no ] 7^ but W[ n ] = when < 9£(no) or 3fi(n) = K(n ) but Qf(n) 7^ S(n ). In this case, 
we call no, VK[ no i and elements of W[ no ] the lowest conformal weight or lowest weight of W, the 
lowest weight space or lowest weight space of and lowest conformal weight vectors or lowest 
weight vectors of W 7 , respectively. A grading restricted generalized V -module is a generalized 
^-module W such that W is lower bounded and dimVFr n i < 00 for nfC. An (ordinary) V- 
module is a generalized F-module W such that W is grading restricted and W[ n ] = Wi n ) for 
n G C, where for 77 G C, W( n ) are the eigenspaces of L(0) with eigenvalues 77. An irreducible 
V -module is a ^/-module such that it is irreducible as a generalized ^-module. A generalized 
V -module of length I is a generalized V^-module W such that there exist generalized V- 
submodules W = W\ D • • • D W1+1 = such that Wi/Wi+i for % = 1, . . . , / are irreducible 
V^-modules. A finite length generalized V -module is a generalized V^-module of length / for 
some I G Z + . Homomorphisms and isomorphisms between lower-bounded, grading-restricted 
or finite length generalized V^-modules are homomorphisms and isomorphisms between the 
underlying generalized ^-modules. 

Remark 2.3. By definition, every ^-module is a generalized ^-module, but the converse is 
not true in general. In particular, an irreducible generalized l/-module in general might not 
be a ^/-module. A generalized ^-module W has a lowest weight if W is M-graded and lower- 
bounded or if W is lower-bounded and generated by one homogeneous element. In particular, 
the vertex operator algebra V, any R-graded ^-module, or any irreducible lower-bounded 
generalized V- module has a lowest weight. 

Let W = LL 6C W[ n ] equipped with Y w be a generalized V- module. As in |HLZlj . the 

opposite vertex operator on W associated to v G V is defined by 

Y^(v,x) = Ywie^i-x- 2 ) 1 ^^- 1 ). (2.1) 
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Let W be the C-graded vector subspace of W* given by 

W' = ]X(W [n] y. (2.2) 



nGC 



We shall use the notation (•, or ("j ") if the underlying space is clear, to denote the 
canonical pairing between W and W. As in Section 5.2 of |FHL] . we define a vertex operator 
map Y{y for W by 

{Yw(v, x)w', w) = (w 1 , Yw(v, x)w) (2.3) 

for v G V, w' G W and w G W 7 . The correspondence given by t> h-> Y^(i> , x) is a linear map 
from V to (End W) [[x, x' 1 )). Write 



Y{y(v,x) = J2(Y^) n [ 
((Y^)» GEndW) and 

Y^(v,x) = J2(ywUv)x- n - 1 

((l^)n(u) e End W). Then for u G V, w' G W and w eW, 

((Y^) n (v)w', w) = (w', (Y^) n (v)w). (2.4) 

We have: 

Theorem 2.4. Let W be a lower-bounded generalized V -module. Then W equipped with 
Y{y is a lower-bounded generalized V -module. Moreover, Y-w\v®w — Yw- ■ 

The proof of this theorem is the same as those of Theorems 5.2.1 and 5.3.1 in |FHL] . 
Note that in this theorem, W does not have to be grading restricted. The space W equipped 
with Yjy is called the contragredient of W. 

We also define the operators L'{n) for n G Z by 



Y{ v (u,x) = J2l'( 



n)x- n ~ 2 . 



As in Section 5.2 of [FHLJ, by extracting the coefficient of x n 2 in (12.31) with v — u and 
using the fact that L(l)u = 0, we have 

(L'(n)w',w) = (w',L(-n)w) for n G Z. (2.5) 

The following fact is useful (see [H2] ) : 

Proposition 2.5. The contragredient of a generalized V -module of length I also has length 
I. I 
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3 Associative algebras from vertex operator algebras 
and their modules 

In this section, we recall the generalizations of Zhu's algebra |Z] given by Dong, Li and 
Mason in |DLMj associated to a vertex operator algebra. We prove some elementary but 
useful results. 

Recall that we have fixed our vertex operator algebra V in this paper. For iV G N, define 
a product *n on V by 

N / A \ 

u* N v = Ysi- 1 )™ [n) R*.*-^%((1 + x) m+N u, x)v 

for u, v E V. Let On(V) be the subspace of V spanned by elements of the form 

Res x x- 2N ^- n Y v ((l + x) L( V +N u, x)v 
for n E Z + , v G V and of the form (L(— 1) + L(0))w for mgV. 

Theorem 3.1 ([DLMJ). TTie subspace On(V) is a two-sided ideal of V under the product 
*n and the product *n induces a structure of associative algebra on the quotient An(V) = 
V70jv(V) with the identity 1 + On(V) and with u + On(V) in the center of An(V). ■ 

Remark 3.2. When N = 0, A (y) is the associative algebra first introduced and studied 
by Zhu in [Z]. 

Let W be a weak ^/-module and for iV G N, let 

^at(VT) = {«) G If (lV)fc(w)w = for homogeneous u E V, wt w — k — 1 < — iV}. 

Theorem 3.3 ( [DLM] ). The map V -> End ^iuen 6?/ v i-> o(u) = (>V) wtt ,_i(u) /or 

homogeneous v EV induces a structure of A^iV) -module on Q^(W). ■ 

From the commutator formula for vertex operators, we know that the space V of operators 
on V of the form (Yy) n (u) for u G V and n G Z, equipped with the Lie bracket for operators, 
is a Lie algebra. Giving the operators (Yy) n (u) for homogeneous u the weights wt u—n—1, we 
see that V becomes a Z-graded Lie algebra. We use V( n ) to denote the homogeneous subspace 
of weight n. Also, Aat(V) equipped with the Lie bracket induced from the associative algebra 
structure is a Lie algebra. 

Proposition 3.4 ([DLM]). The map given by (Yy) wt v -i{v) v + On(V) is a surjective 
homomorphism of Lie algebras from V(p) to the Lie algebra Ajy(V). ■ 

Let W be a lower-bounded generalized ^-module such that W = U neh +n f° r some 
hw G C and ^ 0. For N EN, let 

A 7 " 
n=0 

It is clear that Q° N (W) C Qn(W). Since for it G V, o(w) preserves the weights, Q° N (W) is an 
AAr(V)-submodule of Q N (W). 
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Remark 3.5. A generalized V- module W decomposes into generalized submodules corre- 
sponding to the congruence classes of its weights modulo Z. For // E C/Z, let 

W» = \\W [n] . 

Then 

W= JJ W 

and each is a generalized V^-submodule of W. In particular, if a generalized module W 
is indecomposable, then there exists h G C such that W = Unsh+z ■ m the case that W 
is lower bounded, there exists G C for /i E C/Z such that 

W"*= ]J W[n] 

for /ieC/Z. 

For a lower-bounded generalized ^-module VF, by Remark 13.51 there exists /i M G C for 
/U G C/Z such that 

where 

II H/ [n] 

for /i G C/Z are lower-bounded generalized \^-submodules of W. Let 

Since f^(W^) is an Ajy (V>submodu]s of n N (W") for each y, G C/Z, is an A N (V)- 

submodule of Qn(W). 

Proposition 3.6. Let W be a lower-bounded generalized V -module generated by Q° N (W) for 
some N G N. Then W is spanned by elements of the form 

{Y w )mM l ) ■ ■ ■ (Y w ) mk {u k )w, 

where u 1 , . . . , u k are homogeneous elements of V , mi, . . . , are integers such that wt u % — 
rrii - 1 > and w G Q° N (W). 

Proof. We know that W is spanned by elements of the form 

OV) mi (y) ■ ■ • (Y w ) mk (u k )w, 
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where u 1 , . . . , u k are homogeneous elements of V, mi, ... , m k are integers and w G Q%(W). 
We have to show that these elements can be written as linear combinations of elements of 
the same form such that wt u l — rrii — 1 > 0. If there exists % such that wt u l — m.j — 1 < 0, 
then we can find an i such that wt u % — rrii — 1 < and wt — rrij — 1 > for j > i. The 
component form of the commutator formula for vertex operators gives 

(Y w ) m Xu l )(Y w ) nH+1 (u* +l ) - {Y w ) mi+l {u l+1 ){Y w ) m% {u l ) 

= E (7) 

Thus we have 

= (^V)m 1 (« 1 )'--(>VW 1 (« i " 1 )- 

•(lV) mi+1 (^ +1 )(lV) m! (^)(>V) mi+2 (n i+2 ) • • ■ (Y w ) mk (u k )w 

+ E (7) • • • pvw.(« w ) • 

•(lV) mi+mi+1 -,((>V),(^)^ +1 )(>V) m , +2 (^ +2 ) • • • (lV) m ». 

Using this formula, the fact that (Y w ) m (u)w G Q° N (W) for homogeneous w G V, m G Z and 
w G f)^-(W) such that wt u — m — 1 < 0, and inductions on k and on the largest number i 
such that wt u l — mi — 1 < 0, we see that 

can indeed be written as a linear combination of elements of the same form such that wt u l — 
rrii — 1 > 0. I 

Using the definition of the opposite vertex operators Y°(u,x) for u G V, we see that 
Proposition 13.61 gives: 

Corollary 3.7. Let W be a lower-bounded generalized V -module generated by Q° N (W) for 
some N G N. Then W is spanned by elements of the form 

(Y^) mi (u 1 )---(Y^) mk (u k )w, 

where u 1 , . . . , u k are homogeneous elements of V , mi, . . . , m^ are integers such that wt u l — 
rrii - 1 < and w G Q° N (W). I 

In the results above, W must be generated by Q° N (W) for some N e N. We now show 
that generalized ^-modules of finite length is lower bounded and have this property. 

Let W be a generalized ^/-module of length I and W = W\ D ■ ■ • D Wj+i = a finite 
composition series of W. Since Wi/W i+ i for i = are irreducible ^/-modules and 

irreducible ^-modules as modules are lower bounded, there exist homogeneous elements 
Wi G Wi of weights hi G C for i = 1, . . . , I such that Wi + W.- l+ i for i = 1, . . . , I are lowest 
weight vectors of Wi/Wi+i- 
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Proposition 3.8. Let W be a generalized V -module of length I, W — W\ D • ■ ■ D Wi + \ = 
a finite composition series of W and Wi G Wi homogeneous elements of weights hi G C 
for i = 1, . . . , I such that Wi + W i+ \ for i = 1, . . . , I are lowest weight vectors of Wi/W i+ i. 
Let N be a positive integer such that |9ft(/ij) — ^t{hj)\ < N for i ^ j, i,j G {1, . . .,1} and 
r = min.j g { lv . ^ Then W is lower bounded, the real number r is the smallest real part 

of the weights of elements ofW and the subset {wi, . . . ,wi} of W is in Q^(W) and generates 
W . In particular, Q° N (W) generates W. 

Proof. Since Wi + Wi+i is a lowest weight vector of the irreducible 1/- modules Wi/Wi+i 
for i — 1, . . . , I, W as a graded vector space is isomorphic to U' =1 Wi/W i+ i. Since the lowest 
weight of Wi/Wi + i is hi for i = 1, . . . ,1, the real part of the weight of any homogeneous 
vector of W is larger than or equal to r = minj g {! i n. 3ft(/ij). So W is lower bounded, r is 
the smallest real part of the weights of the elements of the graded space U' =1 Wi/Wi+i and 
thus r is also the smallest real part of the weights of the elements of W. 

Since |3?(/tj) — ^(hj)\ < N, Wi,...,Wi G !JsR(n)<r+A r ^N- By definition, we know that 

Ux(n)<r+NW [n] Cn° N (W). Thu S W h ...,W l eQ%(W). 

Let W be the generalized ^-submodule generated by Wi for % — 1, . . . , I. Since Wi/W i+ i 
for % — 1, . . . , I are irreducible, Wi + W i+ i for % = 1, . . . , I are generators of Wi/W i+ i. We now 
show that W = W. Since W\ = Wi/Wi + ± is generated by wi, we see that W\ C W. Now 
assume that W m C W. Then since W m -\/W m is generated by w m _i + W m , every element of 
W m -\/W m is a linear combination of elements of the form 

(*V m _i/W r m)ni(u 1 ) • ' • (% m -i/W m )n,(^)K-l + W m ) 
= {Yw^XM 1 ) ■ ■ ■ (Yw^Jn^U^Wm^ + W m . 

Thus elements of W m -\ are linear combinations of elements of the form 
where w G W m . Since 

{Yw^XAu 1 ) ■ ■ ■ (*V m _i)n fc (« i Vm~l £ W 

and w G W m C W, 

(Yw^nAv 1 ) ■ ■ ■ {Y Wm ^)n k {u k )w m -i + w G W. 

So W m -i C W. By the principle of induction, W = W\ C W . Thus we see that {wi, . . . ,wi} 
generates W. I 

Remark 3.9. Let W be a generalized ^-module of finite length. By Propositions 12.51 and 
13. 8[ the contragredient module W is generated by Q° N (W) for some iV G N. 
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4 A;v(V)-bimodules from generalized ^/-modules 

In this section, for a generalized V^-module W and N G N, we introduce an /^(V^-bimodule 
A N (W). These bimodules should be viewed as generalizations of bimodules for Zhu's alge- 
bra introduced in [FZ] . We emphasize that the formulas defining the right actions on the 
bimodules given in this section are different from but equivalent to the one in |FZj in the 
case N = 0. Our formulas are more natural and conceptual. 

In this section, we fix a generalized ^-module W. We need the semisimple part L(0) s G 
End W of the operator L(0) on W defined by 

L(0) s w = nw 

for w G W[ n ], n G C. Recall from [HLZlJ that we have the commutator formula 
[L(0) s ,Y w (u,x o )} = [L(0),Y w (u,x )] 

= Y w (L(0)u, x ) + x —Y w (u, x Q ) 

ClXq 

for u G V. In particular, we have 

[L(0).,L(-1)] = L(-1). 
Thus we have the L(0) s -conjugation property 

y m °Y w (u, x)y- L ^ = Y w (y L ^u, xy) (4.6) 

for u G V and 



y L(0) Se xL(-l) y ~L(0)s _ e xyL(-l)_ 



We also need the map 



iu <g) u i — > Y wn/ (w, x)u 



defined in [FHLJ by 

Y$ v (w, x)u = e xL{ - l) Y w (u, -x)w 

for u G V and w G W . Proposition 5.1.2 and Remark 5.4.2 in [FHL] give in particular the 
following: 

Proposition 4.1 ( |FHLj ). The map Y^ v is an intertwining operator of type (^ v )- In 
particular, the Jacobi identity 

x 1 5 ( — — — J Y w (u, x 1 )Y^ v (w, x 2 )v - Xq X 8 [ — — — J Y^ v (w, x 2 )Y v (u, xi)v 
V x J V. -x J 

= x 2 x 8 Yff v (Y w (u, x )w, x 2 )v (4.8) 



x 2 
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holds for u,v G V and w G W . Moreover, the Jacobi identity 

x Q x <5 ( — — — ) Y^ v {w, xi)Y v {y, x 2 )u - x Q l 5 ( — — — ) Y w (v, x 2 )Y^ v {w, x x )u 
V x o / V ~ x o / 

= x?5 (^^) Y™ v (Y% v (w,x )v,x 2 )u (4.9) 

a/so holds for u,v £ V and w G W. 

We also have: 
Proposition 4.2. For u> G W , 

y L ^Y% v (w,x)y- L ^ = Y^ v (y L ^w,xy). 

Proof. This follows from the definition of Yffly and (14. 7\} . I 

For N £ N, u £ V and if G we define 

M *,v W = f^(-l) m ( m + ^Ves,x-^- m - 1 F w ((l + x) L ^ + V^, 

m=0 ^ ' 

JV 

w* N u = X>l) m ( m ^Wa;-^^^^^ 

m=0 ^ ' 



Let OjsiiW) be the subspace of W spanned by elements of the form L(—l)w + L(0) s w and 

uo N w = Re S;E x- 2Af - 2 lV((l + x) L(0)s+7 V x)w 
for u G V and Let Ajy(W) = W/0 N (W). 

Remark 4.3. Note that in the case of N = 0, our right action is different from the right 
action in |FZj . Certainly, these right actions induce the same right action on Ao(VK) (see 
Remark 14.51 below). The advantage of defining the right action using the formula above is 
that many formulas involving the right action can be proved in the same way as the proofs 
of the corresponding formulas for the algebra or for the left action, with some of the vertex 
operator maps replaced by the map Y^ v . On the other hand, we note that the definition of 
the right action above makes sense only for generalized ^-modules, not for weak ^-modules 
that are not generalized l^-modules. 

The following lemma generalizes Lemma 2.1 in [DLM] : 

Lemma 4.4. Let u G V and w G W . 
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1. We have 

N 



m=0 ^ ' 
N / x 

^ J(-l) W Res^- m - 1 n F ((l + x) L ^ +m -Va;)u ; G Ojv(W). 

m=0 ^ ' 

2. For p > g > ; we have 

Res x x- 2N - 2 - p Y w ((l + x) L(0 ^ +N+ ' } u,x)w G N (W), 

Res x x- 2N - 2 - p Y^ v ((l + x) L ^ +N+(1 w,x)u G C^W). 

In particular, 

wo NU = Res x x- 2N - 2 Y^ V ((1 + rr) L(0)s+A V>, x)u G Ojv(W). 

5. PFe have 

u * N w - w * N u - Res x lV((l + x) L(s>)s ~ l u,x)w G N (W), 

w* N u-u* N w-Res x Y$ v ((l + x) L(0)s ~ 1 w,x)u G O n (W). 

Proof. Using the definition of Y$ v an d the fact that L(— l)w + L(0) s w G Oat(W^), we 
obtain 

Y w (u,x)w = Y^ v {{l + x)- L ^w,^^j{l + x)~ L ^umodO N {W), 
Y^ v (w, x)u = Y w ^(1 + -^-^J (1 + x)- L ^w; mod O n (W). 

Then 



U*n W 



N / \ 

= E(" 1 ) m I" ^ * ) ^vV- N - m - 'Ywdl + # (0)s+A V y)w 



m=0 
N 



m=0 



•He^y-^-™-^ ((1 + y)~ L ^ +N w, -^j u mod N (W) 
£(-1)" (™ + ^ Res,x-^— 1 F 1 ^((l + V *)« 



11 



and 

JV 



W *n U = 

m=0 
N 



£ ("l) m ( m + N ) Res y y- N —^ v ((l + y)H^N Wt y)u 

m=0 ^ ' 

N / \ 

E(-ir(T) ■ 

m=0 ^ ' 

■ReSyy^-^Yw (jl + |/)- L(0)s+JV M , u> mod Ojv(W) 

^(-1)^ ( m + ^ Res :c x- JV — 1 y w ((l + x) L ^+ m -y 

™— n V / 



where in both formulas, the last steps are obtained by changing the variable x = This 
proves Part 1. 
Similarly, 

wo N u = Res y y~ 2N - 2 Y^ v ((l + y) L ^ N w,y)u 

= Res y y- 2N ~ 2 Y W ^(1 + y)~ L ^ +N u, ^-J w mod O n (W) 

= Res x x- 2N - 2 Y w ((l + x) L ^ +N u, x)w 
e N (W). 

Now the proof of Part 2 is similar to the proof of Lemma 2.1.2 of [Z]. 
Using Part 1, we obtain 

U*jy W — W *jy U 

fm + N\ (-l) m (l + x) N+1 - (-l) N (l + x) m \ 

x \h\ N ) * N+m+1 )' 

■Y w ((l + x) m °- l u, x)w mod N {W) 

= Res x Y w ((l + x) L(0)s ~y x)w, 
where the last step uses the formula 

'm + N\ (-l) m (l + x) N+1 - (-1)^(1 + x) m 



E 

m=0 



N J x N+m+l 



given by Proposition 5.2 in [DLMJ. This proves the first property in Part 3. The second is 
similar. ■ 
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Remark 4.5. By Part 1 in Lemma |4.4[ we see that we can also define another right action 
*' N of V on W by 



N 

v " " 



w *- v u = ( m x N ) (-l) 7V Res,x- Ar - m - 1 !V((l + x) L ^ +m -\, x)w 



m=0 

for u & V and w G W . Then by Part 1 in Lemma I4.4[ this right action induces the same 
right action on A^iW) as the one from *n- The advantage of this right action is that W 
does not have to be a generalized V^-module. 

Lemma 4.6. The subspace On(W) of W is invariant under the left and right actions ofV 
above. 

Proof. We need to prove 

(L(-l)w + L(0) s w)* N ueO N (W), (4.10) 

u *n (L(—l)w + L(0) s w) G OjsiiyV), (4.11) 

(uo N w) * N v G N (W), (4.12) 

v*n (uo N w) G N (W) (4.13) 

for u, v G V and u> G W. 

The proof of (14.101) is the same as the proof of Lemma 2.2 in [DLM] . We omit it here. 

Using Part 3 in Lemma I4.4[ for u G V and homogeneous w G W, we have 

(L(-l)w)* N u-u* N (L(-l)w)-Res x (l + x) wtw Y^ v (L(-l) Wj x)v G N (W), 
(L(0) s w)* N u-u* N (L(0) s w)-Res x (l + x) wtw - l Y^ v (L(0) s w,x)u G N (W). 

Since (14.101) holds, to prove (14.111) . we need to prove 

Res x (l + x) wt w Y^ v (L(-l)w, x)v + Res x (l + x)^ w ~ x Y$y{L{G) a w, x)v G O n (W). 

Indeed, we have 

Res x (l + x) wt w Y$ v (L(-l)w, x)v + Res x (l + a;) wt ^Y^L^) s w , x)v 

= Res x ^((l + x) wt w Y$ v (w, x)v) 
= 0. 

Next, we prove ( 14.12]) . For homogeneous u G V and w G W, we have 

uo N w = Res y y- 2N - 2 Y w {{l + y) L ^ +N u,y)w 
= Res y y~ 2N - 2 (l + yy l u+N Y w (u } y)w. 
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Then for homogeneous u G V , v G V and homogeneous w G W, 

(u o N w) * N v 

m=0 ^ ' 

■Y™ v ((l + x 2 ) L ^ +N Y w (u, y)w, x 2 )v 
= E(- 1 ) m ( m ^ iV ) Res, 2 Res y2/ -^- 2 x 2 ^— 1 (1 + y)^ " 



m=0 

•(1 + x 2 ) wt " +wt - +7V Y^(F W ( M , (1 + x 2 )y)w, x 2 )v 



N 

'm + N 



n / 

E<-ir( 



N 



Res^Res^Xo 2N ~ 2 x 2 N - m ~\l + X2 + Xo ^ U + N 



m=0 

\wt w+2N+l v W 



.(1 + X2 )wt «+^v+iy^(y wr ( u>a;o ) u , )a ; 2 ) 1 , 
•(1 + x 2 + x ) wt U+7V (1 + x 2 ) wt w+2Ar+1 >V( M , xi)y^(«;, x 2 )t; 



^ (-l) m ^ m ^ ^ Res^Res-rpReSa^p 1 g ^^^^ x 



\ v / \ - — / . , / 

m=0 

■(l + x 2 + x ) wt U+N (l + x 2 ) wt w+2N+1 Y^ v (w, x 2 )Y v (u, Xl )v 

N 



2JV-2 -N-m-l 

x 2 



E, /m + JV\ _, /xi — x 2 \ , 
(-1) I ^ IRes^Res^Res^^o d I — I (xi - x 2 ) 

. (1 + Xi) wt U+JV(1 +X2) wt <n+™+l Yw (u,X 1 )Y% v (w,X 2 )v 

N 



- E(- 1 ) m ( m ^ JRes^Res^Res^So 1 ^ ( 



1 + Xl )wt «+at (1 + X2 yt v+w+iYgyiwtxJYviu^v 



-2N-2-i -N-m-l+i 

x 2 



m=0 ieN ^ ' ^ ' 

m=0 ieN ^ / V / 



-3N— m— 3— i i 



•(1 + x,r U+N Y$ V ((1 + x 2 ) L ^ +2N+1 w, x 2 )Y v (u, xi)v, 



where in the third step, we have changed the variable y = and in the fourth step, we 
have used the Jacobi identity (14. 8p . Since all the terms in the first sum of the right-hand 
side lie in On(W) by definition and all the terms in the second sum of the right-hand side 
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lie in N {W) by Part 3 of Lemma S3 flUH) nolds - 

For homogeneous u, v G V and w G W, using Part 3 in Lemma \4. 41 and (I4.12p . we obtain 

v * N (u o N w) 

= (u o N w) * N v + Res Xl (l + xi) wt 1,_1 lV(t;, xi){u o N w) mod N (W) 
= Res Xl (l +xi) wt ^YwfaxJiuoNw) mod N (W) 
= Res^Res^l + Xi) wt "^(l + x 2 ) wt U+7V X2 27V " 2 lV(t», xx)^^, x 2 )w 
= Res Xl Res Xa (l + xi) wt ' u-1 (l + x 2 ) wt U+A x 2 27V " 2 1V(m, x 2 )M^ 



— I - F^GS^j R-^Sx2 R'^Sxq X*2 ^ 



X\ — Xq 



X 2 

.(1 + Xl )wt +a . 2 )wt "+^-2^-2^^^^^^^^^ 

Res X2 Re Sl . (l + x 2 + x ) wt v ~\l + x 2 ) wt u+N x 2 2N - 2 Y w (Y v (v,x )u,x 2 )w mod N {W) 
£ ( Wt U " ^Res^a + x 2 r «+ wt ^-^^-^(^(^u^ajti; 

Res X2 x 2 - 27V - 2 F w ((l + x 2 ) L{0)s+N Y i (v)u 1 x 2 )w 



E 



wt f — 1 

g cvw, 

proving (14.131) . I 

The main result in this section is the following: 

Theorem 4.7. The left and right actions of V on W induce an A^{y)-bimodule structure 
on A N (W). 

Proof. Lemma 14.61 says that the left and right actions of V on W give left and right 
actions of V on A^iW). We first need to show that these left and right actions of V on 
An(W) in fact give left and right actions of A^iV) on An(W), that is, we need to prove 

(L(-l)u + L(0)u) * N w G O n (W), (4.14) 

w * N (L(—l)u + L(0)u) G N (W), (4.15) 

{uo N v) * N w G N {W), (4.16) 

w * N (v o N u) G N (W) (4.17) 

for u, v G V and w G W. The proof of these formulas are similar to the proof of Lemma fl~6l 
and we omit them. 

Next we need to prove that these left and right actions indeed give left and right A N (V) 
modules, that is, we need to prove 

u* N (v* N w) = (u * N v) *n w mod OjyiW), (4-18) 
w*n(v*nu) = (w *n v) *n u mod On(W) (4.19) 
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u, v G V and w G W. We prove only (I4.19P here; the proof of (I4.18P is similar. 
For v G V and homogeneous w G W, 



N 

W *n V = 

m=0 
N 



B-ir ( m+ N N ) ^ yV - N - m - i Y% v {{i + y) m.+» Wi y)v 

m=0 ^ ' 

N \ 

£ [ n ) Res ^" JV_w_1 ( 1 + ^) wt y)«- 

rn—Ci \ / 



m=0 

Then for u G V, homogeneous u G V and homogeneous w G W, 

N N / s / \ 

= E D-^f 1 " v ) (" t' V )Re S , 1 Re Ssy -"-»-' I --»-'(l + ») 

m=0 n=0 ^ ' ^ ' 

•y^((i + x 2 ) L ^ +A Y*V (™, x 2 ) M 

£ £(" + ^ (" ^Res^Res,,-— x 2 -— (1 + y) 

-m=0 n=0 ^ ' ^ ' 



wt tu+jV 



wt w+N 



(1 + x 2 ) wt ™ +wt ^^(^(rtf, (1 + x a )y)«, x 2 )u 



N-m-l-N-n-l 
X 2 



m=0 n=0 



N N 
m=0 n=0 



m+n 



■(i + x 2 + x )^ W+N (i + x 2 ) wt Xo ) Vl x 2 )n 

m + N\ (n + iV N 



N \ N 



' I^jGS-y>Q I^GS'r> fl I^jGS-y-. ti^n 



Xi - ,T 2 



-N-m-l-N-n-l 



Xq 

•(1 +X 2 +X ) wt - +JV (1 +X 2 ) wt ^"F^^xOFy^,^^ 

EE(-ir + "( m D("^ 

m=0 n=0 V ' V 

* I^GS|j;2 f^^Sf^Q I^jGS^^ 3>Q I J '-^•'Q ^2 

V ~ x o / 

•(1 + x 2 + x ) wt "^(1 + x 2 ) wt ^ +m F w ( V ,x 2 )Y^(«;,x 1 ) M 



•,;;)-!-/) 

m=0 ra=0 



N J\ N 

•Res^Res^Res^Xo 1 ^ ( Xl - %2 ) (x x - x 2 )- N -' m - l x^ N ~ n ~ l 
■(1 + x 1 ) wt W+N (l + x 2 ) wt v+N+m Y^ v (w,x 1 )Y v (v,x 2 )u 
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\ L 1 '" _ " 

m=0 n=0 



N J\ N 

■Res^Res^Res^Q x 5 ^— — —\ (—x 2 + Xi)~ iV ~ m ~ 1 a;7 iV_n ~ 1 

.(1 +Xl) wt W+ N {1 +X2 yt v + N +mYw{v ^ 2)Y W v{w ^ i)u 



m=0 n=0 ieN ^ ' ^ ' ^ 



•(1 + x 2 ) m Y^ v ((l + Xl ) L ^ +N w, x 1 )Y v ((l + x 2 ) L ^ +N v, x 2 )u 



ir , / + A \ / // + A \ ( -A - //> - 1 



m=0 n=0 i6N 

„i —2N—m— n-2 



N \ N \ i 



+ * 2 ) i(0)s+7V+ "X x 2 )y^((i + a*) 2 * )-* V xO«, 

where in the third step, we have changed the variable y = and in the fourth step, we 
have used the Jacobi identity (14.91) . By Part 2 in Lemma [4.41 we know that every term in 
the second sum in the right-hand side lies in On(W). Also those terms with i > N — m in 
the first sum in the right-hand side lie in 0^{W). The sum of those terms with i < N — in 
in the first sum in the right-hand side equals 

EEE(- 1 r-(™r)t ! r)rT" 1 

m=0 n=0 i=0 ^ ' ^ ' ^ 

.Rpo Dp, -N-m-l-i -N-n-l+i 

•(1 + x 2 ) m F^ y ((1 + Xl ) L <®> +N w, x 1 )Y v ((l + x 2 ) L ^ +N v, x 2 )u 

= w * N (v * N u) 

N N 



iviV / \ / \ 

m=0 n=0 ' ' 



N—rn—l„—N—n—l 
x 2 



'N-m /at 1 \ / \ i+j 



i=0 jeN v / \J / 1 

•y^((l + zO^+V ^^((l + x 2 ) L ^ +7 \;, x 2 ) M 

JV 

/■It \ \ 

-JV-n-1 



+E(- 1 ) n ( n ^ v iV ) Res - Res -^ 1 



n=0 

/ W / i AT\ /N-m /at 1\ / \ *+J 

/ m + A'\ / / — A* — m — 1 \ / m \ , £ 2 
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■Y^ v ((l + Xl ) L ^+ N w, x 1 )Y v ((l + x 2 ) L ^ +N v, x 2 )u. 
By Proposition 5.3 in [DLMJ, 

f.-.r("r)(£ S (-»T-')C)»>*-i)=» 

Thus the calculations above give f l4.19p . 

Finally we also have to show that the left action and the right action of A^j(V) on An(W) 
commute, that is, 

{u * N w) * N v = u *n {w *n v ) mod On(W). 
The proof is similar to the proof of (14.191) and is omitted. ■ 



5 Logarithmic intertwining operators 

We begin our study of the connection between logarithmic intertwining operators and asso- 
ciative algebras A^{V) in this section. Logarithmic intertwining operators were introduced 
first in the representation theory of vertex operator algebras by Milas [MJ. Here we recall 
the general definition of logarithmic intertwining operator from [HLZ2J. 



Definition 5.1. Let W%, W 2 and W3 be generalized ^-modules. A logarithmic intertwining 
operator of type (pj^r ) is a linear map 

y-.w l ®w 2 -> Wz[\ogx}{x}, 

W(l) <8>IW(2) l-> y(w(l),x)lV(2) = ^2^2y n ;k(w il ))W( 2 )X^ 1 (\0gx) k G W 3 [log x] {x} 

neC fcgN 

satisfying the following conditions: 

1. The lower truncation condition: For any Wm G W%, u>(2) G W 2 and nGC, 

yn+m;kiw(i))w( 2 ) = for m G N sufficiently large, independent of k. (5.20) 

2. The Jacobi identity: 

x Q l 5(— — —jY W3 (v, x 1 )y(w(i), X2 )w(2) 

\ Xq / 

-Xq 1 S ( — — J y(w {1) ,X 2 )Y W2 (v, Zi)tW( 2 ) 

V — Xq / 

= sj 1 ^ — jy(Y Wl (v,x )w( 1 ),x 2 )w( 2 ) (5.21) 

for W(i) G Wi and W(2) G W 2 . 
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3. The L(— 1)- derivative property: for any wm G W\, 

y(L(-l)w (1) ,x) = ^-y( W{1) ,x). (5.22) 

Using Proposition 13.61 and Corollary 13. 7\ we have the following result on logarithmic 
intertwining operators: 

Proposition 5.2. Let W\, W 2 and W 3 be lower-bounded generalized V -modules and y a 
logarithmic intertwining operator of type (j^^ ) . Let N 2 and N% be positive integers such 
that W 2 and W 3 are generated by Q° N2 (W 2 ) and Q° N ^(WQ. For w^) £ W\, w^) £ W 2 , and 
wL-, G W^, the series (wL^y(w^,x)w(2)) can be expressed as a linear combination of series 
of the form (w'^,y(w^,x)w(2)) for G W\, u>( 2 ) G VL° N2 (W 2 ) and w'^ G ^%^(W 3 ) with 
Laurent polynomials of x as coefficients. 

Proof. By the commutator formula for vertex operators and logarithmic intertwining 
operators, we have 

(Yw 3 )m(u)y(w{i),%) ~ y(w(i),x)(Y W2 ) m (u) = Res XQ (x 2 + x ) m y(Y Wl ( y u,x )w il ),x 2 ) 

for u G V and Wn) G W\. The conclusion follows from this commutator formula, Proposition 
13. 6} Corollary 13.71 and induction on the weights of u}( 2 ) and w'^ . I 

Let 

y°{w {1) ,x) = ^^n,o(^(i))^ 1 . 

ngC 

Then for v G V, u>(i) G W\ and W( 2 ) G W 2 , the Jacobi identity for y°(w^,x) holds, that is, 

x 1 5 ( — — — ) Y W3 (v, Xi)y° (u7 ( i) , x 2 )w {2) 
\ x / 

-Xq 1 S[ — — ) y°(w {1) ,X 2 )Y w . 2 (v, X 1 )w {2 ) 

V — Xo / 

= x 2 X2 — )y°( Y Wi(v, x )w m ,x 2 )w(2). (5.23) 

Proposition 5.3 QMJ). Let W\, W 2 , W 3 be lower-bounded generalized V -modules and let y 
be a logarithmic intertwining operator of type (^J*^- )■ Let W(i) G W\, W[ 2 ) G W 2 , hi, h 2 G C 7 
and k\, k 2 G Z + such that (1/(0) — hi) kl W(\) = and (1/(0) — h 2 ) k2 ui( 2 ) = 0. 

i. For io{ 3) G W 3 , h 3 eC and k 3 G Z + snc/i t/iat (L'(0) - h 3 ) k3 w[ 3) = 0, 

(w{ 3) ,y(w {1) ,x)w {2) ) 

G Cx h3 - hl - h2 + Cx h3 - hl - h2 logx + • ■ ■ © Ca^-^-^^oga;)* 14 -* 9 ^- 3 . 
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2. Suppose that there exist h 3 G C and k 3 G Z + such that for any homogeneous element 



w[ 3) G W^, (L'(0) - /i 3 ) fe3 w' (3) = 0. Then 



y(w {1) ,x)w {2) G i' i3 "' ,1 -'' 2 lf 3 [[x ) i" 1 ]] +^ 3 - /ll - /l W 3 [[a;,a;~ 1 ]]loga; 

+ . . . + x hs ~ hl - h2 W 3 [[x, ^^(logx)^ 2 ^ 3 " 3 , 



Let W be a generalized ^-module. Recall the operator x ±L ^ in [HLZ2] defined by 

x ±m w = x ±nJ2^t^^(±\ogxY G x ±n W [n] [hgx] (5.24) 

for w G Wr„i. Also recall the L(0)-conjugation property for logarithmic intertwining operators 
in |HLZ2j : For any logarithmic intertwining operator y of type ^ ) and any G W\, 

y L ^y(w {1) ,x)y~ L ^ = y(y L ^w w ,xy). (5.25) 

Let W\,W2 and be lower-bounded generalized l^-modules and y an logarithmic in- 
tertwining operator of type (^J. Then for iV G N, A^(Wi) <8U*(V) 0&(W a ) and tt%(W 3 ) 
are both left v47v(V^)-modules. Note that Q^^Ws) as a subspace of W 3 is also graded and 
for any n G C, the image of f^W^) under the projection n n : W 3 — > (W 3 )[ n ] is denoted 

(nS r (Ws)) w . 

First, we consider the case that there exists h 3 G C such that W 3 = II ng/l3+N (W3)[ n ] anc ^ 
(^3)1/13] 7^ 0- As above, let L(0) s be the semisimple part of the operator L(0) on any module 
for the Virasoro algebra. Let 

P (y) : w x <g> n° N (w 2 ) w 3 

be defined by 

N 

p(y)(w(i)®w {2) ) = ^Res x .x- /l3 -"- 1 y (x L(0) ^ ( i),x)x L(0)3 w (2) 

n=0 

JV 

— ^^D^wt ui (1) +wt W( 2 )-h 3 -n-l,o( w (l)) w (2), 

71=0 

for homogeneous u>(i) G W\, W(2) £ ^#(^2)- In the general case that W3 = U M ec/z ^T' ^ 
7^ : — )■ VFg" be the projection from W 3 to W% for /i G C/Z. Then o ^ is a logarithmic 
intertwining operator of type ( w ) for each G C/Z. We define 

by 

P(^)( W (l) ® W (2)) = X] °^)( U '(1) ® W (2)) 

/iGC/Z 

for £ W 7 ! and W( 2 ) G ^(W^)- We have: 
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Lemma 5.4. The image ofW\ <g) £1%(W 2 ) under p(y) is in Q° N (W3). In particular, p(y) is 
a linear map from W\ <8> Q%(W 2 ) to Q° N (W 3 ). 

Proof. This follows from the definition by calculating the weights. ■ 
The following lemma shows that p(y) is in fact a linear map from A^(W\) <S> &%(W 2 ) to 

Lemma 5.5. For Wn) G Ojv(Wi) and it)( 2 ) G ^^(^2); p(3^)(^(i) <8> ^(2)) = 0. 

Proof. We prove the lemma in the case that W 3 = Une/i 3 +N(^ / 3)[™] f° r some ^3 G C and 

U>(1) = UO N W 

= Res x x- 2N - 2 Y Wl ((l + x) L ^ +N u, x)w 

= Res x x- 2N - 2 (l + x) wtu+N Y Wl (u,x)w (5.26) 

for some homogeneous u E V and u> G Wi, and Wm G (^(W^))^]- The general case follows 
easily. 

In this case, by the definition of p(y), (I5.26p . the L(0) s -conjugation property above and 
the Jacobi identity for y°, we have 

p(y)((w(i) + N (Wi))®w (2) ) 

N 

= Y,^^s Xo x^ 2N - 2 x h 2 ^ n '\l + x ) N ■ 

n=0 

■y°(xi {0) °Y Wl ((l + x ) L ^u,x )w {lh x 2 )w {2) 

N 

= J2 R ™*2 Res *oXa 2N ~ 2 4 2 ~ h3 ~ n ~\l + x ) N ■ 

n=0 

■y°(Y Wl ((x 2 + X X 2 ) Li ° )a U, X X 2 )X 2 ( ° )s W(l) ,X 2 )W(2) 

= f^Res^Res^Res^x^ ( X * + X ° X A xf N - 2 x h 2 ^~ n ~ N '\x 2 + x x 2 )^ U+N ■ 

n=0 V ^1 / 

•^°(Y^i («, ^0^2)^2 W (l): Z 2 )W(2) 

AT / 1 \ 

ERp« Rps Rps r" 1 ^ I ^ + X ° X2 I T -aV-2 fca-fcs-n-JV-l wt «+7V . 
J. LCo^2 ^-^Xq - 1 - ^-^Xi J o 2 1 

n=0 " V ^1 / 

•^"(^i {u, x x 2 )x 2 {0)s w {l ),x 2 )w( 2 ) 



N 



^Res X2 Res X0 Res xl (x x 2 ) X S 

n " V ^0^2 

?i=0 



/ Xi0^2 \ 2 N-2h 2 -h 3 -n-N-l 



•xf u+iV Y W3 K ^i)^ (^2 {0)s w {1) ,x 2 )w {2) 
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N 



X 2 x l \ rr ,-2N-2„h 2 -h 3 -n-N-l 
— XqX 2 



Xq X q 



- 2j Res^Res^Res^ (x x 2 ) x 5 

n=0 

•< u+iV y (x^ (0)fl «; (1 ), x 2 )y W2 ( M , xi)«; (2) 
^Res^Res^fa - x 2 )- 2N - 2 x^- h3 ~ n+N ■ 

n=0 

■xf u+N Y W3 (u, x 1 )y°(x^ 0)a w (1) ,x 2 )w {2) 

N 

■ , . - ;r ': 

n=0 

wt u+AT-viO/ £(0) s 



^ Kes,,Re,,,(-r 2 + *,)-' ^ 

. x wt »+Y^ lu ^(i )l a ; 2)%(M, xx)«; (2) 

/-2iV - 2\^ a _ A3 _ n+JV _ H _ 

n=0 m=0 V ^ / 

■Res X2 (lV 3 )wt u -Ar- 2 -i( M )3 ;0 (^ 2 (0)s w ( i),x 2 )u7( 2 ) 

ED-'! 



\m-2N-2-lf ^iV 2 \ ,,.,_/,.,_„_ .Y-2-/ 



I 

n=o «eN 

•Res X2 y°(x2 (0)s W(i),x 2 )(F H / 2 ) wt u+JV+ j(w) w (2)- (5.27) 

Since the weight of (Y Ws ) wt u _ N _ 2 -i(u) is N + 1 + I, the real parts of the weights of the 
homogeneous components of the coefficients of 

(iws)wt «-w-2-«( M )3 ;0 (a; 2 (0)s W(i), ar 2 )w( 2 ) 

are larger than or equal to N + 1 + 1 + r 3 . Thus the first term in the right-hand side of (15.271) 
is equal to 0. Since wp) G Q%(W 2 ), (Y W2 ) wt u +n+i(u)w( 2 ) = 0. From (15.271) . we see that the 
second term in the right-hand side of (I5.27P is also equal to 0. Thus the left-hand side of 
(I5.27P is 0, proving the lemma. I 

As we mentioned before, by this lemma, p(y) is in fact a linear map from An(W\) £g> 
^° N (W 2 ) to n%(W 3 ). We now have: 

Proposition 5.6. The map p(y) is in fact an A^(V)-module homomorphism from A^(Wi)<S> 
tt° N (W 2 ) to n° N (W 3 ), that is, 

p(y) G Hom A „(v)(A N (W 1 )®n%(W 2 )A(W 3 )). 

Proof. We need to prove 

p(y)((u * N w {1) + Ojv(Wi)) ® w m ) = o(u)p(y)((w {1) + O n {Wx)) <8> w (2) ). 

for u E V, £ W±, and W( 2 ) £ Q° N (W 2 ). We prove this in the case that W3 = 

LIne/i3+N(^ 3 )H f° r some h 3 E C and (Wa)^] 7^ 0. The general case follows easily. 
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Let W{2) G Q° N (W2) be homogeneous of weight h 2 . Calculations similar to those in the 
proof of Lemma 15.51 give 

P(y)((u *N W {1) + N (Wi)) ® IW(2)) 



E E ^ n N ) R^ 2 Res, x -^— 1 4 2 -' l3 ^ 1 (l + *o) J 

n=0 m=0 ^ ' 

■y°(xi {0) 'Y Wl ((l + x ) L{0) u, x )w (lh x 2 )w {2) 
E E ("l) m (" ^) R^ 2 Res, x -^ 1 4 2 -' l3 ^ 1 (l + ^o)^ 

n=0 m=0 ^ ' 

•y°(Ywi((^2 + XoX2) L(0) U,XoX2)x2 {0)s W( 1 ),X 2 )W(2) 

n=0 m=0 ^ ' V ■' J. / 



■X 



(X 2 +X X 2 ) W " + ^2)^2 ^(1); ^2)^(2) 



iViV / \ / \ 

EE(- 1 ) m r^ j^^Res^.r^ (^±^a) 1 . 

n=0 m=0 ^ ' V 1 / 

EE(- 1 ) m f m ^ iY V es - Re ^^ 1 (x x 2 )- i 5 ( x l^l) . 

n=0m=0 V 7V / V X ° X2 / 

f^f](-l) m (' m + iV ')Res ;C2 Res ;co Res. 1 (x x 2 )- 1 ( 5 (^^) ■ 

n=0 m=0 ^ ^ ^ / 



EE^H # jRe^Res^x^-^-^-^xi - x 2 ) 

n=0 m=0 ^ ' 

■Y Wa (u, Xi)y°(x 2 {0)s W W , X 2 )W( 2 ) 
- - fm 4- ?V\ 

-EE^H at jR^Res^^-^-^-^-x. + xO 

n=0 m=0 ^ ' 

■y°(x 2 {G)s w { i ) ,x 2 )Y W2 (u,x 1 )w(2) 

1 1 5>ir + ' ( m+ N N ) t N T " ') h-^-*-- "+ 



fta-As-n-JV-l^-JV-m-l^wt u+fV-i ,Q/ L(0) a 







< U+N y (x^> S W (lh X2)Y W2 (u,X 1 )w { 2 ) 



-iV-m-1 wt u+iV 

X 1 



-jV-m-1 wt u+N 



X 



n=0 m=0 ZeN 

;0/ i(0) 



•(5V 3 )wt M-m-l-J^)^ {x 2 W(1),X 2 )W( 2 ) 
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-EE £(-ir~— ( m+ N N ) (~ N " m ~ 1 W^-*— ■ 

n=0 m=0 ieN V / V / 

■y (z£ (0) "w(i),z 2 )(lV 2 )wt u +tv+«H w (2) 

TV TV N-m , A , v 

= E E E (-i) ra+ '( m t ) ( 7 " V^;"*- • 



n=0 m=0 Z=0 

"OWwt u-m~l-l(u)y°(x2 i0)3 W {1) , X 2 )W {2 ) 



n=0 m=0 i=m \ / \ / 

•(Yw 3 )wt u-i-l{u)y Q {x2 {Q)s W(i ) ,X 2 )W(2) 

- EEE(-D'( m D ("V-: - V*^*™ 



n=0 2=0 m=0 



•(5V 3 )wt „-i-i(n)3 ;0 (a;2 (0)s W(i), x 2 )w( 2 ) 
= ^Res^"^" 1 ^)^ u-iH^°(x^ (0)s «; (1) ,x 2 )«; (2) 

n=0 

TV TV t 

+EEEM) 



TV 



i fm + N\ f-N -m-l\ h2 - hz - n+ i-i 

n=0 i=l m=0 \ / \ / 

•Res^O^wt M -T-i(M)y (a;2 (0)s W(i),^2)w(2)- (5.2£ 
Since for i = 1, . . . , N, 



E 

m=0 



m + N\ f-N - m - 1 

iV /\ i — m 



m + N\(N + i 
N J \i — m 



E(-ir m ( 

m=0 ^ 



m=0 

iV + i 
N 



yi-iy 

= 0, (5.29) 
the right-hand side of (15.281) is equal to 



^Res X2 (y W3 ) wtu _ 1 (n)^°(4 (0)s u; (1) ,x 2 )^ (2) 4 2 -^- r 

n=0 

= o{u)p{y)((w {1) + N (Wl)) <g> 10(2)). 
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This completes the proof. 



Proposition 5.7. The map p{y) is in fact an A^(V) -module homomorphism from An(Wi)®a n (v) 
^n(W 2 ) to n%(W 3 ), that is, 

P (y) e Eam AN{V) (A N (Wi) ®a n{ v) n° N (w 2 ),n%(w 3 )). 

Proof. We need to prove 

P(y)((w (1) * N U + N (Wi)) ® IW( 2 )) = P(y)((w(l) + Oiv(Wi)) ® 0(«)tW(2)) 

for it G V, ^ Wi, an d W(2) G f2^(iy 2 ). We shall prove this equality only in the case that 
W3 = IIn6h3+N(^3)[n] f° r some h 3 £ C and (W^)^] 7^ 0. The general case follows easily. 
Let if (2) G ^(W^) be homogeneous of weight h 2 . By Part 1 in Lemma WM 

W(i) * N u + N (Wi) 

Then 

P(y)(( w (l) *NU + N (W 1 )) <g> U7 (2 )) 
AT TV 



\m— 1 



\m— 1 



EE(- 1 ) w ( m ^) R ^ Res ^o JV - ro - 1 4 2 - fe3 ^ 1 (i+^o)' 

n=0 m=0 ^ ' 

o>°(a£ (0) **Vi((i + x ) L(( V xo)^(i), x 2 ) W(2) 

/V AT / i A/A 

E E(" 1 ) JV ( £ ) Res, 2 Res, x ^— (1 + ^ 

n=0 m=0 ^ ' 

•iV (iVi((^2 + X X 2 ) Li0) U, X X2)X2 (0)S X 2 )W( 2 ) 
AT JV / \ / \ 

n=0 m=0 ^ ' \ X l / 

■(x 2 + x x 2 y t " +m ~ 1 ^ (lV 1 (n,XoX 2 )4 (0)s W(1) , x 2 )w (2) 

n=0 m=0 ^ ' V X l / 

. x wt ^-l^(y Wi ( UjXoX2 ) x J(0). W(i)ja . 2)w(2) 

jRes^Res^Res^^XoXa)" 1 ^ I 1 ■ 

/ \ / 
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Res X2 Res Xo Res Xl (xoX2) _1 (5 ■ 

n=0 m=0 ^ ' 

■xT n+m - 1 lV 3 (« ; ^0^° (w (1) , x 2 )w m 

N N , v 

" E E(- 1 ) iV ( # )Res X2 Re Sai 4-^-^(- ; r 2 + xO^— 1 ■ 

n=0 m=0 ^ 7 

•< n+m - 1 y°(xJ (0)s U ; (1) ,x 2 )F T y 2 ( M ,a ;i ) W(2 ) 

JV JV 



N N , ... .... 

m + N\ f —N — m — I 



n=0 m=0 JeN 

„wt u-N-2-l 



N J V Z 



-EEE(-i)- , - , ( m ^(" w T" 1 

n=0 m=0 i£N ^ 7 ^ 

•Res X2 x^- h3 -^ m -'- 1 y (xJ (0)s «; (1 ),x 2 )(F w , 2 ) wtu+m _ 1+ KM)«;( 2 ) 

AT JV AT— m 

EEEnr 

n=0 m=0 i=0 

„/i a -fe3-n-m-f-l^;0/_I'(0) 



bl frn + N\ f-N - m - 1 

iv J V z 



•Res X2 x^- /l3 - n - m -'- i ^ u (^ Ws W(1) ,x 2 )(F W2 ) wt ^-^(u)^) 

+ JV\ f-N - m - 
N J V i — m 



N N N , , , 

EEEh)'"" aw 1 



n=0 m=0 i=m 

•Res, 2 4 2 -^-"- i - 1 ^ (xJ (0) ^ (1) ,x 2 )(y W2 ) wtu+i _ 1 («)«; (2) 

n=0 i=0 m=0 v 7 v 

•Res, 2 4 2 -^- n - i - 1 ^ (4 (0)s W(1) ,x 2 )(y W2 ) wtu+i _ 1 («)«; (2) 

TV 

J]Res :r2 4 2 -' l3 - n - 1 ^ (4 (0)s U ; (1) ,x 2 )(y W2 ) wt ^(u)«)( 2) 

n=0 

W W 4 / i AT\ / AT 1 

+EEEW' u " 



N /V i — m 

n=0 i=l m=0 x ' x 

•Res :C2 x^- /l3 - n - t - 1 y (x 2 L(0)s «; (1) ,x 2 )(ny 2 ) wtu+l _ 1 ( M )«; (2) 
= P(^)(Ki) + Ojv(Wi)) ® o(«)w (2) ), (5.30) 

where in the last step, we used (I5.29I) . This completes the proof. ■ 
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Let y be a logarithmic intertwining operator of type { w ^) • For homogeneous G W\ 
and W(2) G W2 and wL^ G W^, let ki,k 2 ,k 3 G Z + such that (L(0) — wt = 0, 

(L(0) - wt w (2 )) fc2 W(2) = and (L'(0) - wt w[ 3) ) fc3 u/ (3) = 0. Then by Proposition E3J 

(tw' (3) ,y(w(i),a:)iw(2)> 

G Cx"* W '(3)" Wt ™(l)- wt W (2) _|_ £ x wt W '(3)- Wt »"(1)-Wt W (2) ^ 
_| |_ w (3) _Wt ">(l)- wt W (2)n g a; ) fe l+*2+fe3-3_ 

For 2 G C, let logz be the value of the logarithm of z such that < argz < 2tt. We sub- 
stitute e (wt w ^r wt w ^~ wt w (^ z for x wt w w~ wt w w~ wt W P) and (logz) fc for (loga;) fc for k = 
0, . . . , ki+k 2 +k 3 — 3 in (wL->, y(w^,x)w^)) to obtain a complex number (wL->, y(w^, z)w^))- 
Then we define (w', 3 \, y(w(x), z)w( 2 )) for nonhomogeneous W(x) G W\ and u;(2) G W 2 and 
w[ 3 -) G using linearity. 

The L(0)-conjugation property (15.251) for logarithmic intertwining operators recalled 
above gives 

(w[ 3) ,y(w {1) ,x)w m ) = (x L '^w{ 3) ,y(x' L ^w w ,l)x- L ^w (2) ) (5.31) 
for G Wx, W(2) G W 2 and w',^ G W 3 . 

Proposition 5.8. Assume that W 2 and W 3 are generated by Q° N (W 2 ) and Q° N (W 3 ), respec- 
tively. Then the map 

p:V$ m ~> Hom^^)^^)®^^)^^),^^)) 

injective. 

Proof. Assume that p(^) = 0. We have W 3 = U^c/A^T- For w m e (^U^))^] 
and ufo G (OS r (W*)) I fc 

3+"]' 

Ha)) 3^(^(1), a?)w(2)) 

= (x L '^w{ 3) , (** o ^)(x- L W«; (1) , l)x- L (°^ (2 )) 

= (x L '^w{ 3) , ^koO^^i))^^)) 

iec 

= (x L '(°^[ 3) , (tt" o y) wt ^^^o^)^),-^^)) 
v 

= ^'(°)^ 3) , £ ^Res xo x h2 -^- m - 1 (^o^)0^ (0) x- i (°) W(1) ,Xo)x-^ )«; ( 2)) 

jtteC/Z m=0 

= (x L '(°H 3) , 3>)((s~ L( °Si) + O n (Wx)) ® aT^p))) 

= (x L '(°)«;[ 3) ,p(y)((x- L ( ^ (1) +0^0) ®x- L (°) W(2 ))) 
= 0. 
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Since h 2 , \i and n are arbitrary, this equality holds for wp) G VlP N (W2) and w',$> G VL° N (W£). 
Then by Proposition 15. 2[ we have 

(w[ 3) ,y(w {1) ,x)w {2 )) = 
for all tt)(i) G Wi, u)(2) G W2 and io^ G W3. Thus 3^ = 0. So p is injective. I 



6 The main theorem 

In this section, under conditions stronger than those results in the preceding section, we state 
and prove our main theorem. The conditions needed in our main theorem is that some lower- 
bounded generalized V^-modules involved should satisfy a certain universal property. Before 
we state and prove our main theorem, we first give a construction of such lower-bounded 
generalized V^-modules. 

Let W be a lower-bounded generalized V- module such that W = U nehw+N W[ n ] for some 
h w G C and W\h w ] ^ 0. Then G N (W) = W[ hw+N] is an A A r(K)-submodule of Q° N (W). 
We now would like to construct a generalized V- module from Gn(W) satisfying a certain 
universal property. We consider the affinization V[t, t~ x ] = V<g)C[t, of V. For simplicity, 
we shall use u(m) to denote u <g) t m for u G V and m G Z. We consider the tensor algebra 
T(V[t, t^ 1 ]). For simplicity we shall omit the tensor product symbol when we write elements 

of'/XV'tM" 1 ])- 

For any u G V, m G Z, 14(771) acts from the left on T(V A [t,t -1 ]) <g> Gn{W). We shall 
also omit the tensor product symbol when we write elements of T(V[£, £ -1 ]) (g> (tat (WO- The 
gradings on T(V A [t,t~ 1 ]) and (^(W) give a grading on T(V A [t, t -1 ]) <g> G N (W). Explicitly, for 
homogeneous m G V, m» G Z, z = 1, . . . , s and homogeneous w G Gjv(VK), the weight of 

Mi (mi) • ••u s (m s )w 

is 

wt Ui — mi — 1 + • • • + wt u s — m s — 1 + wt w. 

Let 

YT(v[t,t-i))®G N ( W ){u,x) : TiVfor 1 ]) ® GW(W) -> (T^^r 1 ]) ® G^WOMfcaT 1 ]] 
be defined by 

iT(^[t,t-i])®G JV (wo( w ' a? ) = J]«H a! " m " 1 

for u <E V. 

Let Jvw be the T(V[t, t-^-submodule of T{V\t,t~ 1 )) <g) G#(W) generated by the ele- 
ments 

tt(wt u — l)to — o(u)w 
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for homogeneous u eV and w G G N (W), the elements 

«i(mi) • ■■u s (m s )w 

for homogeneous Mj G V, Wj > wt U; t — 1 satisfying X^=i m « > Si=i( w ^ M « ~ 1) + ^? 
w G Gjv(W) and the coefficients in x\ and rr 2 of 

} / T(V[t,t- 1 ])(g)G' J v(W0( M ? a; l)^ / T(y[t,i- 1 ])(g)G J v(U')(' l; ) 

-^(y^t-iD^Gjvwl^, x-i)yT(v\t,t-^\)®G N {w){u, x 1 )w 
-Res^a^tf (^ Xl x ^° ^j Y nv[t,t-i\)®G N (w){Yv{u, x )v, x 2 )w 

for u, v G V and u> G T(V[t, t" 1 ]) <g) Gjv(W). 
Let 

= (T(V% r 1 ]) ® G JV (^))// y;W2 . 

We shall use elements of T(V[t, t -1 ]) Gjv(M^) to represent elements of S(V; W). But note 
that these elements now satisfy the following relations: 

«(wt u — l)w = o{u)w 

for homogeneous u G V and w G G N (W), 

Ui{mi) • • •u s {m s )w = 

for homogeneous Ui G V, mi > wt U; t — 1 satisfying Xli=i m « > Si=i( w ^ M « — 1) + ^ 
w G G^VT) and 

-^T(y[M- 1 ])®G JV (w)('y, ^2)5 / r(y[t,t- 1 ])cg)G J v(U')(M, 

= Res^a^tf X *° ^J Y T(v[t,t-i])®G N (w)(Yv(u,x )v,x 2 )w 

for m, f G V and w G Try [t, r 1 ]) <g> G N {W). 

The map ir(v[t,t- 1 ])igiGjv(w) induces a map for W) and we shall denote it by Y§^ V;W y 
By the definition of S(V; W), the commutator formula for Y§(vw) holds. Using this commu- 
tator formula and other properties given by the definition of S(V; W), we see that S(V; W) 
is spanned by elements of the form 

u i( m i) • • • u s (m s )w (6.32) 

for homogeneous Ui G V, mi G Z, i — 1, . . . , s satisfying 

wt u\ — mi — 1 > • • • > wt u s — m s — 1, 
wt «i - m! - 1 + h wt « s - m s - 1 > — N, 
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w G G N (W). The grading of T(V[t, t' 1 ]) <g> G^fW) induces a grading on W) such that 
the weight of the element (16.321) is 



wt U\ — m\ — 1 + • • • + wt u s — m s — 1 + wt w. 

Thus the real parts of the weights of the elements of S(V; W) are bigger than or equal to 
%t(hw)- In particular, forueV and w G S(V; W), u(m)w = when m is sufficiently large. 

Recall the Z-graded Lie algebra V of operators on V of the form (Yv)n(u) for u G V 
and n G Z, equipped with the Lie bracket for operators in Section 3. Since the commutator 
formula for Ygry-w) holds, S(V; W) is a graded U(V) -module. Let Pjv(^) = IIfc>jv ^(-*) ® 
V(o). Then P/v(V) is a subalgebra of V\ We know that G^iW) is an A^tV) -module and 
is therefore a graded module for V( )- Let V(-fc) for A; > iV act on £?jv(W) trivially. Then 
GVfW) is a P/v(V r ) -module. Let [/(•) be the universal enveloping algebra functor from the 
category of Lie algebras to the category of associative algebras. Then S(V; W) as a graded 
U (V)-module is a quotient of the graded £7(V)-module 

Let Jy-w be the graded U (V)-submodule of S(V; W) generated by the coefficients in x 

Y S(VjW)( L (- 1 ) U > X ) W ~ fa. Y S(V-,W)( U i X ) W 

and the coefficients in xq, x 2 of 

Y s(V;W)( Y v( u , x o)v,x 2 )w - Yg {v . w) (u } x + x 2 )Yg {v . w) (v, x 2 )w 

+Res Xl x 1 5 l ^ 2 ^ 1 ^ Y§p.^(v,x 2 )Y§ ( y. w) (u,xi)w, 

for u, v G V and w G S(V; W). Let 

S N (G N (W)) = S(V; W)/J v , w . 

Then Sn{Gn(W)) is also a graded (V)-rnodule. We shall sometimes still use elements of 
T(V[t, t' 1 ]) ®Qn(W) to represent elements of Sn(V] W). But note that these elements now 
satisfy more relations than the elements of S(V; W) written in the same form. The vertex 
operator map Ygnr-w) induces a vertex operator map 

Y Sn (g n (w)) :V®S n (G n (W)) -> (SNiG^W)))^,!- 1 ]]. 

In general, for a lower-bounded generalized ^-module W, we know that there exists 
hp G C for fx G C/Z such that W = (B^c/iW* where for ji G C/Z are grading- 
restricted generalized ^-modules such that = \J neh +R (lf )[„]. For fi G C/Z, we have 
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defined G N (W^), S , A r(G Ar (W / ' 1 )) and Y Sn (g n (wh)) above. Let 



G N (W) 



S N (G N (W)) 



]{ S N {G N {Wn) 



AtGC/Z 



and let 



Ys N (G N (w)) :V®S N (G N (W)) -+ (^(GWWM^aT 1 ]] 



be the map given by 

Ys N (G N (w)){u,x){w fMl + ■■■ + vf™) = Y SN{ G N (wn)){u,x)w^ + ■■■ + Y Sn{Gn (w»™))(u, x)w flm 
for u G V, //!,... y \i m G C/Z and w^ 1 G W 1 , . . . G W^ m . 

Theorem 6.1. Let W be a lower-bounded generalized V -module. The graded space Sn(Gn{W)) 
equipped with vertex operator map Ys n (g n <w)) ^ s a lower-bounded generalized V -module such 
that Gn{Sn{Gn(W))) is isomorphic to Gn(W). The lower-bounded generalized V -module 
Sn{Gn{W)) satisfies the following universal property: For any lower-bounded generalized 
V-module W and any An (V) -module map <fi : Gn(W) — > Gn(W), there is a unique homo- 
morphism : Sn(Gn(W)) —> W of generalized V -modules such that 4>\g n (w) — 4>- 

Proof. We prove the theorem only in the case that W = LLe/i^+N W[ n y, the general case 
follows. By definition, the commutator formula and the associator formula for the vertex 
operator map Ys n (g n (w)) holds. Thus the Jacobi identity holds. The other properties are 
clearly satisfied. 

Since S(V; W) is spanned by elements of form (I6.32p . we see that the subspace of S(V; W) 
spanned by homogeneous elements of weight hw+N is isomorphic to Gn(W). Since the grad- 
ing on Sn{Gn(W)) is induced from the grading on S(V; W), we see that Gn{Sn{Gn{W))) 
is isomorphic to Gn(W). 

The universal property follows from the construction. ■ 

Remark 6.2. In |DLMj . given an A/v(V)-module U, an N-gradable weak ^/-module Mn(U) 
is constructed. In the case that U = Gn(W), it can be shown using the universal properties 
for Mn(U) and for Sn(Gn(W)) that the generalized ^-module Sn{Gn(W)) constructed 
above is isomorphic to M N {U). 

We need the following definition: 

Definition 6.3. For k G Z+, we say that the L(0)-block sizes of a generalized V-module W 
are less than k if for any homogeneous w G W, (L(0) — wt w) h w = 0. We say that the 
L(0)-block sizes of a generalized ^-module is bounded if there exists k G Z + such that the 
L(0)-block sizes of W are less than or equal to k. 
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Remark 6.4. Let W\, W 2 and W 5 be lower-bounded generalized V^-modules such that W\ = 

Uneh 1+ z( W i)[nh W 2 = Uneh 2 +z( W 2)ln] and W 3 = Uneh 3 +z( W 3)[n] for some hxMM e C 
and such that the L(0)-block sizes of W\, W 2 and W% are less than ki, k 2 and k 3 , respectively. 
Then by Proposition 15.31 we have 

y(w {1) ,x)w (2) G x h ^- h2 W 2 [[x,x- l ]}@x h ^ hl - h2 W 3 [[x,x- l }}\ogx@ 

• • • © x /l3 ' /ll - ?i W3[[x,x- 1 ]](logx) fcl+fe2+fe3 ~ 3 . 

Let W\ and W 2 be lower-bounded generalized ^-modules. Assume that there exist 
hi,h 2 G C such that Wi = \l neh i+z( W ^)[n] and W 2 = \l neh2+7d (W 2 )[ n ] and that there 
exist ki,k 2 G Z + such that the L(0)-block sizes of W\ and W 2 are less than k± and k 2 , 
respectively. Let h 3 G C and fc 3 G Z + . Similarly to the construction of Sn(Gn(W)) 
above, we now construct from W\ and Gn(W 2 ) a lower-bounded generalized V^-module 
Sjy(V; Wi, W 2 ) and a logarithmic intertwining operator y t of type {wiSnIgnCWs))) sucri 
SW(V; W u W 2 ) = Unths+ziMV] W h W 2 )) [n] and the L(0)-block sizes'of S„(V; W h W 2 ) are 
less than or equal to k%. 

Let h = hz — hi — h 2 and ko = k± + k 2 + k 3 . From Remark ICT4"l if Sn(V; Wi, W 2 ) and y t 
are constructed, we must have 

y t (w (1) ,x)w {2) G x h S N (V; Wx, W 2 )[[x, x- 1 }} © x h S N (V; W u W 2 )[[x, x' 1 }} logx 
© ■ ■ ■ © x h S N (V; W x , W 2 )[[x, x-^logx)^- 3 . 

We consider 

r^Wi^r^fiogt] = Wi <g>r ft c[M -1 ] [log t]. 

For simplicity, we shall use u(m) and Wm(n, k) to denote 

u®t m g vftr 1 ] 

and 

w(i) ©t n © (iogt) fc g r'Wiftr^pogt], 

respectively, for k G V, G W\,m G Z, n G — /i + Z and fc G N. We consider the tensor 
algebra 

T(y\t,r x \ © r^Wi [t, r 1 ] [log t]). 

The tensor algebra T(V[£, t -1 ]) is a subalgebra of this tensor algebra and t _ft Wi[t, £ _1 ][logi] 
is a subspace. Let lV ;Wl be the T(V'[t,t- 1 ])-sub-bimodulfi of T{V[t,t~ l }m~ h Wx[t,t- l \\logt\) 
generated by t~ h W x [t, t' 1 } [log t] . Then T v . Wl ®G N {W 2 ) T(V[t, t 1 ])-module is equivalent 
to 

T{v[t,r 1 ]) <g>r fc Wi[M -1 ][iogt] ®T{v[t,r 1 ]) ®g n {w 2 ). 

For simplicity we shall omit the tensor product symbol for elements. In particular, Ty-Wi © 
Gn{W 2 ) is spanned by elements of the form 

Mi(mi) • • ■u s {m s )W(X){n, k)u s+1 (m s+1 ) ■ ■ ■ u s+t (m s+t )w( 2 ), 
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for Ui G V, rrii G Z, k G N, i = 1, . . . , s + 1, w^) G W x and W( 2 ) G G N (W 2 ). 

For any uG^mGZ, u(m) acts from the left on Ty ; wi ® Gt^W^). The natural grading 
on t -, Wi[t, gives a grading on t ~ ^ PV"! [t , i _1 ][logi] with the weight of logt being 0. The 
gradings on T(V[t,t~ 1 }), t~ h Wi[t, t _1 ] [logt] and G N (W 2 ) give a grading on Ty ;Wl <g> Gjv(W 2 )- 
Explicitly, for homogeneous Ui G V, mj G Z, i = 1, . . . , s + t, and homogeneous u>(i) G Wi 
and iU(2) G Gjv(W 2 ), the weight of 

ui (mi) • • ■«iK)«/(i)(n, A;)M s+ i(m s+ i) • • • u s+t (m s+t )w {2) 

is 

wt Ui — mi — 1 + • • • + wt u s+t — m s+t — 1 + wt — n — 1 + wt u>( 2 ). 
For w G V, recall the map 

Y T{v[t:t - lmGN(W2) (u,x) : T(y[t, t -1 ]) <8) G N (W 2 ) -+ (T(V[t, t' 1 }) ® G Ar (W 2 ))[[x, a;" 1 ]]. 
For u6 V and u>(i) G W 7 !, let 

^v iWl ®G JV (w- a )(«,aO : Tvwi ® Gjv(W^) ->■ (Tv,Wi ® G^W^tfoar 1 ]], 

^( W{ i),x): r(y[M -1 ]) ® G^Wa) x ft (T y . m <g>GW(W 2 )) [[^x- 1 ]] [log x] 

be defined by 

y t (iU(i),x) = Yl J2w {1) (n,k)x~ n -\\ogx) k , 

ne-h+Z fceN 

respectively. 

Let Iv,w u w 2 be the T(V[i, t _1 ])-submodule of T v .y Vl ®Gn{W 2 ) generated by elements of 
the following forms: 

cra(wt u — l)w(2) — ao(u)w(2) for a G Ty-w^ u G V, and wp) G Gn(W 2 ), 

aui(mi) • • • u s (m s )w(2) for a G Ty-Wn homogeneous U{ G V , rrii > wt U{ — 1 satisfying 
E*=i(wt «i - m^ - 1) < -N, w {2) G Gjv(W 2 ), 

«i (mi) • • ■u s (m s )w^(n, k)w( 2 ) for homogeneous G V, m 8 G Z, u>(i) G W 7 !, n G C, /c G N, 
iu(2) G (W 2 ), and either n ^ — /i+Z or Ei=i w ^ m — 1+wt u>(i)— n— 1+wt u>( 2 ) < 
3fc(/i 3 ) or fc > A; - 3, 

and the coefficients in xi, x 2 and log:r 2 of 

a YT(V[t,t- 1 ])»G N (W 2 )( u ^ x l)^T(V[t,t' 1 ])®G N (W 2 )( v ^ x 2)w 

-aYr(v[t,t-->-])^G N {W2) ( v , %2)Y T (v{t,t-i-])®G N (W2) ( M > x i) w 
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-Res XQ x 2 1 5 f a ^T(y[t,i-i])®G JV (w/ 2 )(^v( M ) a; o)t',a;2)w, 

^T V;H / 1 «>G J v(Vl/2)( M ) a; l)^Ty ;Wl ig>G J v(W / 2)( t ') ;r 2)w 

— Yt V ; Wi ®g n (w 2 )( v i x 2)Yt v . Wi ®g n (w 2 )( u ^ x i)^ 
-Res^x^S f ^T V;Wl 00^(^2) (*V(«, x )v,x 2 )tt), 

y r v . Wl ®Gjv(Wa)( u > ^1)^(^(1), x 2 )w 

-Res^a^M X ° j y*(iVi(«, xo)*f(i),a; 2 )«;, 

for a G T y . m , «,!)£ V,iU(i) G Wi, u> G T(V[t, t -1 ] <g> G A r(W / " 2 ) and 10 G Ty ;Wl <g> Gjv(W 2 ). 
Let 

We shall use elements of Ty-Wi <8> Ga^W^) to represent elements of £7(1/"; Wi, W 2 )- But 
these elements now satisfy relations. Recall the U(V) -module S(V; W 2 ) above. The maps 
Yt V:Wi ®g n (w 2 )(u, x ) ior u eV and y t (w(i),x) for W(i) G Wi induce maps from S(V; Wi,W 2 ) 
to (S(V;W 1 ,W 2 ))[[x,x- 1 ]] and from £7(F; W 2 ) to ^(^(F; Wi, W 2 ))[[ar, aT^Hlogz], respec- 
tively. We shall use the notation Y§, v . WlW Ju,x) ^° denote the first map and the same 
notation y t (w(iyx) to denote the second map. These maps for all u G V and G W\ 
give us maps Y S( y. WuWa) and y t . Recall the map Yg {v . W2) (u, x) for u G V and Y §(y . Wa y By 

the definition of S(V; Wi, W 2 ), the commutator formulas for Y§, v . Wl W \ an d for Y§, v . Wl Wa \, 
y t and Yg, v . w ^ hold. Using these commutator formulas and other properties given by the 

definition of £7(V; Wi, W 2 ), we see that £7(1/; W\, W 2 ) is spanned by elements of the form 

tti (mi) • • ■u s (m s )w( 1 )(n, k)w {2 ) (6.33) 

for homogeneous Ui G V, rrii G Z, i — l,...,s, homogeneous G Wi, n G —h + N, 
< k < k — 3 and W( 2 ) G Gjy^), satisfying 

3?(/i 3 ) < wt u»(i) — n — 1 + wt W(2), (6.34) 

s 

^■(h 3 ) < /J(wt Mj — mj — 1) + wt u>(i) — n — 1 + wt W( 2 ). (6.35) 



i=i 



The grading on Ty.y^ <g> Gjv(^2) induces a grading on S(V; Wi, W 2 ) such that the weight of 
the element (I6.33|) is 

wt u% — rrii — 1 + ' ' ' + wt u s — m s — 1 + wt wm — n — 1 + wt w< 2 \. 

Thus the real parts of the weights of the elements of S(V; Wi, W 2 ) are bigger than or equal to 
3ft(/i 3 ). In particular, for u G V,W(i) G W\ and w G S(V; Wi, W 2 ), u(m)w = 0, w^(n, k)w = 
when m, n and k are sufficiently large. 
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Since the commutator formulas for Y§( V . Wi w ^ holds, S(V; W 1: W 2 ) is a U(V )-module. 

Let Jv,Wi,w 2 be the £/(V)-submodule of S(V; W 1: W 2 ) generated by the coefficients in x 
and log a; of 

aY s(V;W 2 )( L (-^-)u,x)w - a^-Yg (v . W2) (u,x)w, 

Y S(V;W u W 2 )(L(-l)u, x)w _ ^ Y S(V;W U W 2 )( U ^ X )^^ 

y t (L(-i)w (1) ,x)w - -^-y t (w {1) ,x)w, 
y t (w (1) ,x)w - x L ^y t (x- L ^w {1) ,i)x- L ^w, 



and the coefficients in xo, x 2 and log £2 of 

aY s(V;W 2 )( Y v(u,xo)v, x 2 )w - aY §{y . W2) (u, x + x 2 )Yg {v . W2) (v, x 2 )w 

_ Xq J aY S(V;W 2 )( V , X 2) Y S(V;W 2 )( U > X lK 

Y s(V;W u w 2 )( Y v(u,^o)v,x 2 )w - Y §{v . WuW2) (u, x + x 2 )Yg (y . WltWa) (v, x 2 )w 

+ReS Xl X Q 1 5 (^——^—^j Y S{V;W 1 ,W 2 ) ( U > X ^) Y S(V;W 1 ,W 2 )( U ^ 
X(1V(m,X )W(i),X 2 )w - F5 (y;H/iiW2) (M,X + X2)^(W(i),X 2 )w 

— — — J X(w(i),a:2)^s(y ;H / 2 )(M,a;i)w, 

for a G Ty-W\ > e^iue W 2 ) and u) G Wi, W 2 ). 

Let 

Then Sn(V; Wi, W 2 ) is also a £/(V)-module. We shall use elements of Ty-W! <8> Gat(W^ 2 ) to 
represent elements of Sjv(V; Wi, W2). But these elements now satisfy more relations than 
the elements of S(V; W\, W 2 ) written in the same form. 

The maps Y s{v-,w 1 ,w 2 ){ u i x) for u G V and y t (w(i),x) for G W\ induce maps 

Ys^wuw^x) : S N (V;W U W 2 ) -+ (S^V-W^W.Mx^- 1 }} 

and 

y t (w (1) ,x) : S N {G N {W 2 )) ^ x h {S N {V-W 1 ,W 2 ))[[x,x- 1 ]][\ogx} ) 
respectively. These maps give maps 

^W^^S^^i-^) (•S JV (\/;^ 1 ,^ 2 ))[[ a ;,x- 1 ]] 

u®w ^ Y Sn(v . WuW2) (u,x)w 
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and 



y t : W 1 <g> S N (G N (W 2 )) -> x ,l ( ( 5 A r(y;W 1 ,W 2 ))[[x,x- 1 ]][logx] 

«>(1) <E> W(2) ^ 3^t(w(i), x)tU( 2 ). 

By construction, these operators satisfy the lower truncation property, the identity prop- 
erty for Ys N (y;w 1: w 2 )i the commutator formula for Y SN (y. WuW ^ and for Xsw(v ; Wi,vf 2 ), yt and 
Ys N (G N (w 2 ))i the associator formula for Y Sn (g n (w 2 )) and for Y SN (y. Wl ,w 2 ), yt and Y s 
the L(— l)-derivative property for Ys N {y,w u w 2 ) and for X and the x L ^- conjugation property 
for IfiMvwLWb) and for y t . 

Theorem 6.5. Let W\ and W 2 be lower-bounded generalized V -modules. Assume that there 
exist hi,h 2 G C such that W 1 = U nehl+ z(Wi)[ n ] and W 2 = LLe/i2+z(^2)[n] o,nd that there 
exist ki,k 2 G Z+ such that the L(0)-block sizes of W\ and W 2 are less than k\ and k 2 , 
respectively. Let h 3 G C and k 3 G Z+. Then the graded space Sn(V;Wi,W 2 ) equipped 
with vertex operator map Y Sn (v,Wi,w 2 ) ^ s a lower-bounded generalized V -module such that 
S N (V; W u W 2 ) = ll„ 6h3+ z(^(^; W ^ W 2))[n] and the L(0)-block sizes of S N (V; W u W 2 ) are 
less than or equal to k 3 and y t is a logarithmic intertwining operator of type (v^s^'g^'^))) ' 

Proof. Since Ys N {y-,w 1 ,w 2 ) satisfies the lower truncation property, the identity prop- 
erty, the commutator formula, the associator formula and the L(— l)-derivative property, 
Sn(V] Wi, W 2 ) is a generalized V- module. Since y t satisfies the lower truncation property, 
the commutator formula, the associator formula and the -derivative property, y t is a 

logarithmic intertwining operator of type (wiSnI^n^))) ' ^ * s c ^ ear 110111 the construction 
and the properties above satisfied by Ys N (y,Wi,w 2 ) that Sn(V;Wi,W 2 ) is lower bounded, 
S N (V; W u W 2 ) = m h3+ z(SW(^; W u W 2 )) w and the L(0)-block sizes of S N (V; W u W 2 ) are 
less than or equal to k 3 . I 

Now we state and prove our main result: 

Theorem 6.6. Let W\, W 2 and W 3 be lower-bounded generalized V -modules whose L(0)- 
block sizes are bounded. Let N be a nonnegative integer such that W\ is generated by Q° N (Wi) 
and W 2 and W 3 are isomorphic to Sn(Gn(W 2 )) and Sn(Gn(W 3 )), respectively. Then the 
map 

p-K!w 2 -+ Hom, Jv(v) (A w (iy 1 )% J v(v ) n;(^) 1 ^(^)) 
y -> p(y) 

is a linear isomorphism. 

Proof. Since S N (G N (W 2 )) and S N (G N (W£)) are generated by G N (S N (G N (W 2 ))) C 
n° N (S N (G N (W 2 ))) and G N (S N (G N (W£))) C n° N (S N (G N (W^))), respectively, they are gen- 
erated by V,° N (S N (G N (W 2 ))) and n° N (S N (G N (W 3 ))), respectively. Since W 2 and W 3 are 
isomorphic to Sn(Gn(W 2 )) and Sn(Gn{W 3 )), respectively, W 2 and W 3 are generated by 
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f^(W 2 ) and Q^^W^), respectively. By Proposition 15. 8[ p is injective. So we need only prove 
that p is surjective. Given any element / of 

Hom Aiv(y) (A Ar (^ 1 ) ® An[v) Q° n (W 2 ),Q° n (W 3 )), 

we want to construct an element y f of V^V 2 such that P0? f ) = /■ 

We first construct y^ in the case that there exist hi G C for i = 1,2,3 such that 
Wi = Une hl+ z(Wi) [n] , W 2 = U ne/l2+z (W 2 ) W and W 3 = U n6 , 3+z (W 3 )[n]. Since the L(0)- 
block sizes of W\, W 2 and W 3 are bounded, there exists positive integers k\, £; 2 an d ^3 such 
that the L(0)-block sizes of Wi, an d W 3 are less than fci, k 2 and fc 3 , respectively. Let 
h = h 3 — hi — h 2 and fco = ki + k 2 + k 3 . Then by Proposition I6.4[ for the logarithmic 
intertwining operator yf that we want to construct, we have 



y(w(i),x)w(2) G x h W 3 [[x,x x ]] ®x h W 3 [[x,x 1 ]]loga:e---ea^W3[[a;,a: ^(logx) 



fco-3 



From Theorem 16.51 we have a lower-bounded generalized ^-module Sn(V; Wi, W 2 ) such 
that S N (V- W u W 2 ) = U neha+Z (S N (V; W u W 2 )) [n] and the L(0)-block sizes ofS N (V; W u W 2 ) 
are less than or equal to k 3 and a logarithmic intertwining operator y t of type {w^SnCGnO^))) ' 
Let S^(V; W\, W 2 ) be generalized V^-submodule of Sn(V; Wi, W 2 ) generated by elements of 
the form W(i)(n, 0)w( 2 ) G Sn(V;Wi,W 2 ) where G W\ is homogeneous, n < wt — 
1 + wt wq) ~ h 3 and Wc 2 \ G £^(^2) is homogeneous. Then we have a homomorphism 
/i : S^(V; W±, W 2 ) — >■ W 3 of generalized ^/-modules defined as follows: 

Using commutator formulas, we know that S%(V; W\, W 2 ) is spanned by elements of 
the form (16.331) for homogeneous Ui G V, m,i G Z, i = 1, . . . , s, homogeneous W{\) G W\, 
n G -h + N, and w (2 ) G Gjv(W 2 ), satisfying (16.341) and ( 16.35h . For «/ (3) G G^Wg), we define 
an element //(u/ (3) ) e (^(V; W x , W 2 ))' by 

(//(w^u^mi) • ■ ■u s (m s )w m (n,0)w(2)) 

= ( W (3)> (^Vajmi^l) • • • (Yw 3 )m s ( U s)Pwt w (1) +wt W(2) - n -lf((w(x) + N (Wi)) ®W {2) )). 

(6.36) 

Note that the only relations among elements of form (16.331) are those given by Iv-Wi,w 2 an d 
Jv-,Wi,w 2 - These relations are also satisfied by elements of W 3 of the form 

{Y W3 )mi{ui) ■ ■ ■ (Y W3 ) ms (u s )P wt W(1)+W t w (2) -n-lf{{W(l) + N (Wi)) ® W( 2 )). 

Hence //(m/^) is well defined. More precisely, we can see that p'(w'^) is well defined as 
follows: Consider the graded subspace of Tv ; Wi ® G\;v(W 2 ) spanned by elements of the form 

111(7711) • • •u a {m s )w(i){n, 0)iu(2) 

for homogeneous «j G V, nij G Z, z = 1, . . . , s, homogeneous ti>(i) G Wi, n G — /l + N, and 
u>( 2 ) G G]v(Vl^ 2 ), satisfying (16.34p and ( 16. 35ft . First, we define //(u^ 3 n) using (16.361) to be an 
element of the graded dual space of this graded subspace of T V] Wi ® Gn(W 2 ). Then from 
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the definitions of fj/(w', 3 s) and lv;W^w 2 i we see that ^'{ w 'm) annihilates the intersection of 
Iv;Wi,W2 an d this graded subspace of T v . Wl <g> Gn(W 2 ). So fi'(wL\) is in fact an element of 

the graded dual space of the graded subspace of S(V;Wi,W 2 ) spanned by elements of the 
form 

Mi(mi) • ■ ■u s (m s )w {1) (n,0)w i2 ) 

for homogeneous U{ G V, rrii G Z, i — l,...,s, homogeneous G Wi, n G —h + N, 
and W{2) G GjvCW^), satisfying ( 16. 34ft and ( 16. 35ft . But from the definitions of /j/(wLs) and 
Jv;Wi,w%i we see that fj,'(wLC) annihilates the intersection of Jv-,Wi,w 2 an d this graded sub- 
space of S(V; W l7 W 2 ). Thus n'(w' (3) ) is in fact an element of (S° N (V; W x , W 2 ))' . 

By definition, we see that if wL\ is homogeneous, then n'(w', 3 s) is also homogeneous and 
wt n'(w[ 3) ) = wt wfay Thus //(w' (3) ) G G N ((S° N (V;W 1 ,W 2 ))') for any w' {3) G Gjv(W^) and 
we obtain a linear map //' : (^(W^) — >■ Gjv((5 , ^(V'; Wi, Wjj))'). The map // is in fact a 
homomorphism of Ajv(V)-modules, that is, 

M'((^,)wt u-lO)™( 3 )) = (^C^jWi.Wa))')^ U -lH/^'K(3))> 

for homogeneous u & V and w/^ G (^(WiD- But this is equivalent to 

*AC*W*)wt u-l(M)tW( 3 )) = ( Y °S° N {V;WuW2))')^ u-l(u) fl' (w[ 3) ) 

for homogeneous w G V and uJ/ 3 n G Cr^Wg'), which follows from the calculation 
(/i'((Y"^,) wt u -i(w)w( 3 )),Wi(mi) ■ • ■u s (m s )w {1) ( y n,Q)w {2 )) 

= (C*W*)wt «-i(u)tw' (3) , (lV 3 )miOl) • • • 0V 3 )m s K) • 

■Pwt w (1) +wt W(2) -n-l/((^(l) + Oiv(Wi)) <g> W( 2 ))) 

= ( w (3)> (^V 3 )wt u-i{u){Y Wz ) mi (ui) ■ ■ ■ (Y W3 ) ms (u s ) ■ 

■Pwt w (1) +wt W(a) - n -l/((W(l) + Ojv(Wi)) <g> U>(2))) 

= (//(V (3) ), w(wt u - l)ui(mi) • • ■u s (m s )w( 1 )(n, 0)w (2 )) 

= ( C^fi^^wi ,w 2 ))') wt u-i(uMw( 3 ) ).«iM'--« s (™«) ™(i) (n, 0) W (2 ) ) 

for homogeneous Ui G I 7 , G Z, z = 1, . . . , s, homogeneous top) G Wi, n G — /l + N, and 
W(2) G Gjv(W 2 ), satisfying (jOIj) and (l6\35|) . 

Since W 3 is isomorphic to SV^a^W 7 ^)), by the universal property of Sn(Gn(W 3 )), 
we obtain a homomorphism, still denoted as //, of generalized K-modules from W 7 ^ to 
W 7 !, W 2 ))', extending // : G JV (W 7 3 ') ->■ G N ((S° N (V; W u W 2 ))'). The adjoint map fi" of 
// is a homomorphism of generalized K-modules from (S%(V;Wi,W 2 ))" to W3. In particu- 
lar, the restriction of //' to ^(V; Wi, W 2 ) is a homomorphism /i of generalized V- modules 
horn S%(V;W 1 ,W 2 ) to W 3 . 

We now define 
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for W(i) G Wi, w G Sn(Gn(W 2 )) and n G —h + N. Since W 2 is isomorphic to Sn(Gn(W 2 )), 
we obtain maps (yf) n ,o( w (i)) '■ W 2 — > W 3 for n G — /i + N. Let 

ne-h+N 

In particular, for G Wi, wp) G W2 and u>Ls G W3, 

(« ; (3)>(3 ;/ ) (W(i),l)W(2)) = ^ (W(3),(y f )n,o( W (l)) W W) 

ne-h+N 

is well defined. Now we construct a logarithmic intertwining operator yf of type ( w by 

( W ' (3) ,y(^(i),x)«; {2) ) = (* L ' (0 V (3) , (^(x^Si), l)x- L W W{2) ) 

for G Wi, i«(2) G and w' {3) G W3 (recall 05.31 j) ). 

Since y t satisfies the commutator formula, the associative formula and the L(— l)-derivative 
property, so does yf. Thus yf satisfies the Jacobi identity and the L(— l)-derivative prop- 
erty. So it is a logarithmic intertwining operator of the desired type. It is clear from the 
construction that p(y*) = f. 

In the general case, by Remark |3~5| Wi, W 2 and W$ can all be decomposed as direct sums 
of grading generalized modules W such that G^(W) are spanned by homogeneous elements 
of weights h + n for n = 0, . . . , N. Then the logarithmic intertwining operator yf can be 
obtained by adding those intertwining operators obtained from the case discussed above. I 

From Proposition 13.81 and Theorem 16.61 we obtain immediately the following result: 

Corollary 6.7. Assume that there exists a positive integer N such that the absolute value of 
the difference of the lowest weights of any two irreducible V -modules is less than or equal to 
N . Let W\, W 2 and W3 be grading-restricted generalized V -modules of finite lengths whose 
L(0)-block sizes are bounded. Assume that W 2 and W 3 are equivalent to Sn(Gn(W 2 )) and 
Sn(Gn(W^)) , respectively. Then the map 

p-Klw 2 ttom AN{v) (A N (w 1 )® AN{v) n%(w 2 ),n%(w 3 )) 
y -)• p{y) 

is a linear isomorphism. ■ 
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